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Multiple-Model Linear Kalman Filter Framework
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Abstract— This paper presents sensor fusion techniques for
systems where the process model is a function of the human
input and, therefore, unpredictable. The system consists of
free and user-driven motion regimes. The free regime can
be modeled as a damped sinusoidal waveform, while the
driven regime and the transitions between regimes do not
respect any sort of probability, pattern, or sequence. The
quantity of interest is the deflection of a clamped beam,
measured using three sensor technologies: 1) strain gages;
2) infrared; and 3) Hall effect sensors. Experiments using
infrared-based motion capture as reference measuring system
show that: 1) none of the sensors present optimal performance for
both motion regimes and 2) measurement errors of each sensor
differ significantly according to the motion regime. These findings
suggest the use of sensor fusion techniques with low processing
cost, compatible with real-time embedded applications. Our
solution is based on a multiple-model linear Kalman filter in
combination with motion segmentation. The motion segmentation
discriminates gestures according to the knowledge of their
process model. This allows a more predictive estimation during
periods of free motion, while relying on a less predictive approach
for unknown user-driven signals. In addition, we propose a
framework on evaluation and selection of process models for
unpredictable signals. The implementation was compared with
single-sensor and single-model filter designs. Results based on
human subject data reveal that the proposed method improves
the error covariance of the estimate by a factor of 2.2 for driven
motions and 12.7 for free motions in comparison with singlesensor filter design.
Index Terms— Sensor fusion, user interfaces, Kalman filter
evaluation, classification, strain gages.

I. I NTRODUCTION

T

HE popularity of input devices for computer control
has raised attention to gestures and sensors. Typically,
consumer electronics manufacturers introduce their own
vocabulary of gestures to control their devices. These gestures
are tracked by a number of sensors embedded in the devices.
A predefined set of gestures, forming a vocabulary, facilitates
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the mapping between gestures and control, on account of
expected patterns on sensor data. In these cases, sensor data
should be accurate enough to allow for the gesture to be corrected classified within the predefined vocabulary. However,
some devices do not have a predefined vocabulary of gestures,
allowing freedom for the user to define his own gesture
vocabulary. An example of the latter are Digital Musical
Instruments (DMIs).
DMIs are musical instruments where the user interaction is
measured by sensors and mapped to sounds [1], [2]. These
instruments have gained interest among musicians and performers in the last few decades and have given rise to artistic
practices widespread across a variety of art forms (music
performance, interactive installations, dance and multimedia).
Musicians are known to have refined motor control – they
perform highly-developed body gestures while playing instruments – and proficient auditory perception. These qualities
make them aware of the output of each gesture, allowing them
to identify any incoherence on the mapping between gesture
and sound produced. Also, on many occasions, musicians
perform similar gestures with different qualities, extending
the technique to something unique. In order to address the
musicians’ needs, the instrumentation design – sensor and
signal conditioning – must meet several requirements. First,
the DMI must not restrict the user interaction to an enclosed
vocabulary, empowering the musician to control the instrument in an expressive way. Additionally, the instrumentation
design should be accurate, reproducible, monotonic, with fast
response in real-time and preferably embedded in the device.
In practice, most of the DMIs are based on one sensor technology [1]. For these, the operation is vulnerable to the limitations of the sensor technology used.
Additionally, nowadays many DMIs are developed in a
Do-It-Yourself (DIY) manner, prioritizing ordinary sensors, that is, easily available sensors which require simple
assembly and signal conditioning circuits. We believe that
robuster designs are needed to allow musicians to express
themselves musically as well as to encourage a greater
dissemination and commercialization of DMIs.
In this work, we discuss instrumentation for a DMI based
on three sensor technologies: strain gages(SG), infrared(IR)
and Hall effect(HL) sensors. Results demonstrate that each
sensor has advantages and drawbacks. Besides that, it is not
possible to determine an optimal single sensor solution that is
advantageous in all common operations [3]. It follows that the
most favourable solution would be a combination of features
of several sensors. This suggests the use of sensor fusion in
order to design a robust instrumentation for a DMI.
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We then propose a linear Kalman filter in order to accomplish the fusion task. The Kalman filter is proven to be
effective when the process model of the system is known. For
instance, the numerous examples of Kalman filter application
in navigation where the state variables are position, velocity
and acceleration [4]–[6]. In the present case, the user interaction with the DMI is unpredictable, therefore the process
model of the system is not entirely known. Kalman filter
performance rely on an accurate description of the system
and measurements [7]. Model uncertainties deteriorate the
optimality of the estimation or can even cause divergence [8].
Few works discuss Kalman filter design for time-varying
statistical parameters or models. Basically, some categories of
solutions can be identified: adaptive Kalman filter, extended
Kalman filter and signal/statistical processing.
The idea behind the adaptive Kalman filter is to modify
the error covariance of the measurements, system or estimate
according to some cues [9]–[12]. This solution is limiting as
it opens the bandwidth for noisy data by reducing the trust in
the process model.
The second solution is to use an Extended Kalman filter
(EKF), a nonlinear version of Kalman filter. The EKF is a common solution for problems where accurate knowledge of the
process model is not available [13]. The disadvantage of EKF
in relation to its linear counterpart is the higher computation
cost, which makes it nonviable for embedded real-time applications. Some works implement the EKF setting the unknown
parameters as state variables to be estimated, and therefore,
estimating both states and process parameters [14]–[16]. For
these cases, several factors contribute for the limitation of the
EKF filter, most of them closely related to the linearization
process and unavoidable in our application [17]–[20].
Other solutions implement multiple-model filter design in
order to better describe distinguished system behaviours.
Interesting implementations arise from the combination of
multiple-model filters and signal processing techniques or
statistical tools. Some examples of these techniques are
pattern recognition, machine learning, sequential rules, transition probabilities and statistical models or tools [21]–[27].
The combination of a multiple-model filter and these signal
processing techniques is not suitable for our problem, as the
transitions respect no probability, pattern or sequence.
One of the requirements for a DMI instrumentation is low
processing time, due to its real-time application. This makes
prohibitive all linearization-based and machine learning based
solutions described above. Additionally, no statistical rule for
multiple-model transitions is applicable as it is not possible to
define duration, grip type or magnitude of gestures that will
be performed by the musician. This sheds light on the need
of a new method for sensor fusion when model and transition
between models cannot be described accurately.
This paper is organized as follows. In Section II, the
device and its instrumentation are introduced. Section III
presents the sensor data conditioning. The problem is stated in
Section IV. The proposed solution is presented in Section V.
The implementation is presented in Sections VI and VII.
Results and discussions are presented in Section VIII. Finally,
conclusions are given in Section IX.
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Fig. 1. The Rulers: a Digital Musical Instrument, a set of seven cantilever
beams designed to evoke deflection gestures (photo and design by David
Birnbaum).

Fig. 2. Performer executing bending: driven motion (photo by Guillaume
Pelletier).

II. D EVICE AND I NSTRUMENTATION D ESCRIPTION
The DMI we focus on in this paper is David Birnbaum’s
The Rulers, shown in Fig. 1, a set of seven cantilever beams
designed to evoke deflection gestures [28]. In this work, deflection refers to the distance between the equilibrium vertical
position and the vertical position next to the free edge of the
beam at any time.
The main categories of gestures used to play The Rulers
are "bending" and "plucking". Bending is described as a driven
motion where the user grips the free edge of the beam, bending
it up or down or stoping a motion (see Fig. 2). Alternatively,
the user can perform an initial driven deflection - bending followed by the beam’s release. If the grip is released when
the beam is not at the equilibrium position, the beam deflects
around its equilibrium position with respect to a damping ratio.
This free oscillation is called “plucking” (see Fig. 3). In other
words, bending happens whenever the user is controlling the
beam deflection and plucking happens whenever the user is
not interacting with the beam.
Bending gestures can be approximated as a deflection
resulting from a concentrated load next to the free edge.
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Fig. 3. Performer executing plucking: free beam oscillation originated by
an initial driven deflection (photo by Guillaume Pelletier).

Fig. 4. A concentrated force F is applied at a given point. The distance
between the load and the clamped edge is a and the distance between the
load and the free edge is b. The deflection next to the free edge δmax depends
on the beam material, beam geometry, force magnitude F, distance between
load and clamped edge a and length of the beam l.

The deflection depends on the mechanical properties of the
material, the beam geometry, the force magnitude and the
distance between clamp and force application point. Fig. 4
shows a diagram of a clamped beam being bent.
Given a concentrated force F, the deflection δ at a distance x
from the clamp where (a < x ≤ l) is given by:
δ=

F a2
(3 x − a)
6E I

(1)

where E is the Modulus of Elasticity, intrinsic to the material,
and I is the area moment of inertia, defined by the beam
geometry. Note that the force F and the distance a are not
definable once they are determined by user input.
Plucking gestures can be approximated as an underdamped
oscillation, and therefore, satisfies the second-order differential
damped wave equation. The oscillation depends on the angular
frequency, the damping ratio and on the deflection magnitude
at the beam release.
A. Limitations of Previous Instrumentation Strategies
Previous work evaluated and compared three sensor technologies to measure the deflection for The Rulers [3]. Infrared
and Hall effect sensors are recurrent solutions for measuring proximity. Strain gages are the state-of-art solution to
measure strain, deriving quantities such as stress, pressure,
deflection and flow. Infrared and Hall effect sensors can be
applied to the specimen in a straight-forward manner and
require relatively simple conditioning circuits, while strain
gages require specialized knowledge of the system’s mechanical characteristics, careful application on the specimen and
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high-quality instrumentation circuits in order to provide an
output signal with sufficient signal-to-noise ratio (SNR) [29].
The infrared sensor has a phototransistor detector with peak
operating distance at 2.5 mm and a daylight blocking filter.
Its collector current varies with the distance to a reflecting
surface [30]. The Hall effect sensor has temperature compensation, adjustable gain and was set to bipolar operation. Magnets
were attached to the beam, so that the Hall effect sensor could
sense the proximity of the beam. Even if the manufacturer
claims the sensor as a “Linear Output Magnetic Field Sensor”,
it is crucial to note that being linear to magnetic fields does not
imply linearity to magnetic field variability that results from
the beam deflection [31], [32]. The strain gages are connected
in a full Wheatstone bridge: two submitted to compression and
two submitted to extension, installed on the bottom and top of
the beam. Considering that there is no airflow or temperature
gradient between top and bottom of the beam, a temperature
compensation is performed by the full bridge configuration.
It is important to note that none of the sensors are directly
sensitive to distance, but rather to infrared light, magnetic field
(Hall effect) and strain. Therefore, they indirectly measure
the quantity of interest: deflection. As a consequence, these
sensors might be vulnerable to environmental factors [33],
[34], such as external magnetic fields, temperature, other stress
sources and stage lighting with considerable infrared spectrum.
We are interested in the deflection next to free edge,
where the user input is most perceptible. Fig. 5 presents the
deflection next to the free edge versus the sensor output for
bending motions. Subsequently, some practical considerations
for the sensors are presented, followed by a summary of their
characteristics.
Infrared and Hall sensors measure the beam-sensor distance
next to the clamped edge. The ratio between the deflection
measured by the sensor and the deflection next to the free edge
was investigated. Tests using a Qualisys© 16-camera passive
infrared motion capture system for measuring deflection
reported that the mentioned ratio is constant along the full
deflection range. In addition, for infrared and Hall effect
sensors, the distance between sensors and beam varies with
respect to an angle. This can be an issue specially dealing with
infrared sensors whose operation is based on surface reflection.
The solution for this potential artifact was to make sure that
the surface area of beam and magnet are larger than the focus
of the sensors.
Furthermore, infrared and Hall effect sensors might present
measurement ranges that are not monotonic. Non-monotonic
ranges require intense processing to map input to output and
this is prohibitive in embedded real-time systems. In order
to avoid these non-monotonic regions, a careful placement
of these sensors is required. For instance, for a given sensor
placement, the infrared transfer function in Fig. 5 illustrates
the sensor operating in a non-monotonic range (Region 1).
An effort to place the Hall effect sensor in a manner that
guarantees monotonicity led it to saturation as shown in
Region 2 in Fig. 5. Another example of how problematic is to
tweak the placement of Hall effect and infrared sensors it is
shown in Region 3 (Fig. 5). This region is monotonic and is not
under saturation, however the knee-shape region requires high
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Fig. 5. Sensor response for bending motions (over multiple runs). Sensor
placement is extremely important to avoid saturation, non-monotonic ranges
and high order polynomial regression. Region 1 indicates non-monotonic
range; Region 2 indicates saturation; Region 3 requires high order polynomial
regression; Region 4 points to hysteresis in the Hall sensor response.

order polynomial regression functions to model its behaviour,
therefore, increasing complexity and processing time. In short,
an extremely careful placement for infrared and Hall effect
sensors should take place in order to avoid issues such as nonmonotonicity, saturation and high order polynomial regression.
As shown in Fig. 5, infrared and Hall effect responses are
not linear in relation to the input quantity, deflection. Therefore, their sensitivity is not constant along the measurement
range. In contrast, strain gages present a linear relationship
between output, voltage, and input, deflection.
Strain gages measure the strain related to the stress at the
measurement point. This stress derives from a force applied by
the user or from the clamp reaction force. It is then expected
that strain gages present distinguishable responses between
driven and free motions.
A summary of the features of each of the sensors is listed
as follows:
strain gages: high complexity, high cost, highly distinguishable operation between driven and free motions, linear;
infrared: non-linear, non-monotonic, sensitive to stage light,
simple setup, low cost;
Hall effect: non-linear, non-monotonic, high hysteresis,
simple setup, low cost.
Preliminary experiments showed that none of the sensors
is optimal under all motions and they have significant performance differences between the two categorized motions. The
methodology of these experiments was improved and results
are reported in following session (Session III).
III. S ENSOR DATA C ONDITIONING
In order to design an improved instrumentation strategy,
we evaluated each sensor according to the gesture performed:
bending or plucking. The evaluation is based on deflection
given by the sensors and on the deflection given by a reference
measuring system. Sensor data and reference system are
synchronized to each other. The deflection reference measuring
system is a 16-camera passive infrared motion capture system

Fig. 6. Apparatus for sensor placement allows 2D positioning for infrared and
Hall effect sensors: discrete positioning for vertical position and continuous
positioning for horizontal position (photo by Vanessa Yaremchuk).

operating at 441 Hz. The system has a resolution of 0.01 mm
with a standard deviation given by calibration of 0.31 mm.
The tracking system acquired the 3D position of reflective
markers placed along the beam, with an analog acquisition
system registering the sensor outputs at 6615 Hz, 16 bits.
The sensors are installed next to the clamp: on, below and
above the beam, as shown in Fig. 6, indirectly measuring the
deflection next to the free edge of the beam.
As discussed in the previous section, sensor placement is
an issue for infrared and Hall sensors. In order to solve that,
we designed an apparatus to optimize the placement of infrared
and Hall effect sensors, limiting their measurement range to a
monotonic range, free of saturation. The apparatus was built
using parts manufactured by a 3D printer and LEGO© bricks
as partially shown in Fig. 6. The measurement range for the
strain gages was scaled to be similar to the other sensors. The
curves in Fig. 7 reflect the results achieved using the apparatus
for sensor placement.
A. Measurement Functions and Measurement Errors
The measurement functions are those describing the measured output quantity value as a function of the known input
quantity value [33], [34]. In order to obtain them, polynomial
regression is applied to the following subsets of data. The first
n-length subset, X1 , contains samples with deflection driven
by the user. The samples are equally distributed in positive and
negative deflections. The second n-length subset, X2 , contains
samples with free deflection. This subset excluded samples
with signal-to-noise ratio (SNR) lower than 2, since lower
SNR signals in the end of the oscillation tend to bring the
bias to zero-mean, even if it is not accurate along most of the
measurement range. The third n-length subset, X3 , contains
both motions: n/2 samples of X1 and n/2 samples of X2 .
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Fig. 8. Sensor evaluation method. b, B, p, P are the suffix letter to be assigned
to the sensor name. b represents residuals for bending motions submitted to
Different Slopes and Intercepts regression; B represents residuals for bending
motions submitted to Common Slopes and Intercepts regression; p represents
residuals for plucking motions submitted to Different Slopes and Intercepts
regression; P represents residuals for plucking motions submitted to Common
Slopes and Intercepts regression.
Fig. 7. Sensor response for bending and plucking motions: deflection given
by the reference measuring system, in mm, versus the sensor output, in Volts.
The use of the apparatus limits the measurement range to a monotonic range,
free of saturation.

There are two approaches for linear regression. The first
approach uses Different Slopes and Intercepts (DSI) regression
for each motion. Therefore, for each motion and its respective
subset X1 and X2 , there will be a response variable Y1 and Y2 ,
respectively. The linear regression equations for this approach
have the form:
Y1 = X1 β1 + α1 + 1

(2)

Y2 = X2 β2 + α2 + 2

(3)

where Y1 and Y2 are the response variables for bending and
plucking respectively, X1 and X2 are the subsets for bending
and plucking respectively, β1 and β2 are the slopes, α1 and
α2 are the intercepts and 1 and 2 are the error terms.
The second approach finds a Common Slope and Intercept
(CSI) for all motions, using the subset X3 . The equation for
this approach is presented in the form:
Y3 = X3 β3 + α3 + 3

(4)

where Y3 is the response variable for all motions, X3 is the
subsets containing bending and plucking samples, β3 is the
common slope, α3 is the common intercept and 3 is the error
term.
The regression techniques result in measurement functions
Yi ≈ f (Xi ). Once slopes, intercepts and errors are determined by Least Square Estimation, the measurement functions
provide the deflection in millimetres (Yi ), given the sensor
output in Volts (Xi ).
The measurement errors are defined by the measured
quantity value (Yi ) minus the reference quantity value. The
reference is a motion capture system providing deflection
measurements. The measurement errors consist of error probability density function type, random and systematic errors.
The probability density function was assumed and fit to
Gaussian in order to use the measurement errors on a linear
Kalman filter implementation later. The measurement errors

Fig. 9.
Error distributions for CSI (left) and DSI (right) measurement
functions, for plucking samples (P,p) and for bending samples (B,b). b and
p denote errors for bending and plucking samples respectively, using DSI
measurement functions. B and P denote errors for bending and plucking samples respectively, using CSI measurement functions. std stands for standard
deviation, CSI stands for Common Slopes and Intercepts and DSI stands for
Different Slopes and Intercepts. DSI measurement functions result in lower
systematic and random errors.

for the following combinations of datasets and regression were
analyzed (Fig. 8):
• bending motions, X1 , submitted to DSI regression
(β1 , α1 , 1 ) ⇒ measurement error b;
• plucking motions, X2 , submitted to DSI regression
(β2 , α2 , 2 ) ⇒ measurement error p;
• bending motions, X1 , submitted to CSI regression
(β3 , α3 , 3 ) ⇒ measurement error B;
• plucking motions, X2 , submitted to CSI regression
(β3 , α3 , 3 ) ⇒ measurement error P.
The Gaussian measurement errors are presented in Fig. 9.
As expected, DSI regression outputs smaller measurement
errors than the CSI regression. The improvement factors for
the random errors range from 1.3 to 4, when using the DSI
regression. This leads us to state that the sensors and the
system have significantly different behaviour for plucking and
bending motions. The standard error improvement is bigger for
the strain gages: approximately 1.6 greater than the difference
reported for Hall effect and infrared sensors.
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Additional conclusions regarding the measurement errors
are summarized as follows:
• for plucking motions, the infrared sensor has the lowest
random error, followed by the strain gages and then by
the Hall sensor;
• for bending motions, the strain gage has the lowest
random and systematic errors. The second lowest random
error is from the Hall effect sensor followed by the
infrared sensor;
• systematic errors of Hall effect and infrared sensors vary
according to the distribution of samples in the positive
and negative deflection. As the dispersal of positive and
negative deflection samples is impossible to estimate,
these systematic errors are impossible to correct.
Furthermore, it is noticeable that all sensors differ according
to motion, with respect to their error. This fact can be explored
using sensor fusion, where the best features of each sensor can
collaborate to provide an optimal estimate. For instance, strain
gages presented the lowest random error for bending motions,
while infrared sensors presented the lowest random error for
plucking motions.
IV. P ROBLEM S TATEMENT
As previously discussed, the present case is suitable for a
sensor fusion design. The embedded real-time employment of
a DMI requires low processing cost for a sensor fusion design.
Therefore, the reasonable solution is the implementation of
a linear Kalman filter. However, in Kalman filter designs,
the knowledge of measurement and process parameters is
essential. Poor description of these parameters might lead
to inaccurate estimates or even divergence problems [35].
The user-driven bending motions are not predictable, and
therefore, rule out the use of physical modeling. Besides
that, these motions do not respect any probability, pattern or
sequence. For these cases, the range of solutions for estimating
states is reduced, particularly in real-time applications where
processing time is an issue.
A solution for the problem should account for the definition
of a process model for unknown signals and for the evaluation
of the selected process, given the danger of inaccuracy and
divergence.
V. P ROPOSED S OLUTION
Not only the sensors but the system presents distinguishable
physical behaviour under driven (bending) and free (plucking)
motions. The driven motions are unpredictable while the free
motion is a dampening sinusoidal waveform. Additionally,
measurement functions and measurement errors vary according to the motion (Fig. 7). We propose a framework that takes
advantage of the discernible physical behaviour of the sensors
and the system. Therefore, for any problem where the signals
are partially unpredictable, we suggest the following:
1) motion segmentation: identification of all known and
unknown motions. Known motions are the ones eligible
for physical modeling;
2) motion classification: clustering of known and unknown
motion process models according to the segmentation;

3) regression: determination of different slopes and intercepts for each motion;
4) multiple-model process model:
• physical modeling for known motions;
• descriptor analyses for selecting process model for
unpredictable signals;
5) evaluation.
To sum up, we propose the combination of motion segmentation and classification, DSI regression and multiple-model
filter design. Ultimately, we predict the system behaviour
using an appropriate process model during periods of free
motion, while counting on a less predictive approach during
the unknown user-driven regime. Additionally, we propose
a method to determine and evaluate the process model for
unpredictable signals based on descriptors. The evaluation of
the processes using various datasets is essential to guarantee
the robustness of the filter implementation, given the process
model uncertainty.
VI. F ILTER D ESIGN
This session focuses on the design of a linear Kalman filter.
A filter evaluation method is introduced based on qualitative
and quantitative descriptors. Lastly, the descriptors values are
used to determine the most advantageous process model for
each motion.
A. Kalman Filter Design Basics
Kalman filters are based on the implementation of predictorcorrector estimators. The filter estimates the state x ∈ n
given a controlled process governed by the linear stochastic
difference equation [14]
xk =  xk−1 + B f uk + ω k−1 ,

(5)

where xk is an n-vector representing the state and its state
variables; uk is an n-vector representing the inputs to the
system. The n × n matrix  represents the state-propagation
matrix, when no driving function or process noise are considered. The n × n matrix B f represents the optional control
input u ∈ l . The system state propagation is subjected to a
noise ω.
The system is observed by a set of measurement variables
forming a measurement vector zk ∈ m
zk = H x k + ν k .

(6)

where the m × n matrix H is the measurement matrix; xk is
the states vector and zk is the measurement vector. The observation of the true quantity value of the state (xk ) includes a
noise ν.
The noises ω and ν represent the process and measurement
noise vectors respectively. The noises are assumed to be
independent from each other, white, Gaussian and bias-free,
given by Equations 7 and 8,
p(ω) ∼ N(0, Qk ),

(7)

p(ν) ∼ N(0, Rk )

(8)
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where Qk and Rk are respectively the process error covariance
and the measurement error covariance matrices. Equation 7
is read as the probability density function of ω is a zeromean Gaussian distribution which error covariance equals Qk .
Equation 8 is read analogously. It is interesting to recall
that the determination of Qk and Rk and other measurement
and process parameters should agree with the actual physical
behaviour of the system and the signals. If this statement
cannot be guaranteed, divergence may occur [8].
We determine the measurement error covariance matrix
Rk according to the measurement errors described in
Section III.
The lack of detailed knowledge about the statistical properties of the process model prohibits a straight forward determination of the process error covariance matrix Qk . First, let’s
consider a process model with two state variables defining a
2 × 2 state-propagation matrix . Next, one should define
which state variables are subject to noise. As an example, for
the given , considering the higher order state variable noisy,
we define a matrix Qe that specifies the presence of noise on
each of the state variables. Qe is given by Equation 9,


0 0
Qe = 
(9)
0 1
The process error covariance matrix Qk is then given by
Equation 10,
 ts
Qk = Cmc
(t) Qe T (t) dt
(10)
0

where Cmc is the tuning constant given by a Monte Carlo
optimizer, ts is the sampling time. The Kalman filter algorithm operates under a trade-off between process model trust
and measurement trust. Given that the measurement trust is
fixed and defined by the measurement errors, the process
error covariance matrix expresses the trade-off between a
more effective filter and a wider bandwidth filter that is
able to outline disagreements of the model with the system
behaviour.
B. Linear Kalman Filter Algorithm
A linear Kalman filter algorithm comprises prediction and
correction. The predicted variables are called a priori and
are denoted by a minus sign (− ) superscript to the variable.
The corrected variables are called a posteriori. Predicted and
corrected estimated variables are represented by the symbol
(∧ ) superscript to the variable. The subscript indices k and k-1
define the current and previous steps respectively.
−
x̂k− =  x̂k−1
+ B f uk−1

Pk

−

=  Pk−1 

Kk =
Pk =
Pk =
x̂k =

Pk−

T

+ Qk−1

(Hk Pk− HkT + Rk )−1
[I − Kk Hk ] Pk− [I − Kk Hk ]T
+ Kk Rk KkT
[I − Kk Hk ] Pk−
x̂k− + Kk (zk − Hk x̂k− )
HkT

(11)
(12)
(13)
(14)
(15)
(16)

The implemented algorithm loop is presented from
Equation 11 to Equation 16 [5]. x̂k− ∈ n is the a priori state
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estimate at step k, x̂k ∈ n is the a posteriori state estimate
at step k, and x̂k−1 ∈ n is the a posteriori state estimate at
step k − 1. Pk− is the a priori error covariance matrix at step
k, Pk the a posteriori error covariance matrix at step k, and
Pk−1 the a posteriori error covariance matrix at step k − 1. Kk
is the Kalman gain and I denotes an identity matrix of
order n. Finally, zk is the measurement matrix at step k.
The Kalman gain defines the weights for each of the sensors.
The error covariance matrix describes the variance of the estimate. There are several ways to calculate the error covariance
matrix update: Equation 14 and Equation 15 [5]. Equation 14
requires the least computation and it is recommended when
the number of measurement sources is significant less than
the number of states [5]. Equation 15, referred to as Joseph
form, has symmetric operations only and it is recommended
for numerical stability. Equations with lower computational
cost and higher numerical stability are essential for real-time
embedded applications.
C. Filter Evaluation
A filter design depends on an accurate knowledge about
the measurement sources and the process model. The measurement sources were studied thoroughly in Section III. The
process model remains to be determined as it is partially
unknown. The selection of a process model implies the setting
of the process model state-propagation matrix (k ) and the
process error covariance matrix (Qk ) (Equation 10). Our
method to select a process model consists in testing process
model candidates and verifying the corresponding filter design
efficiency. The efficiency is described by a set of qualitative
and quantitative descriptors. Ultimately, a highly efficient filter
simulation, measured according to the specifications of the
descriptors, is indicative of a good selection for the process
model. The descriptors for the filter evaluation are defined as
follows:
1) Null Process Error Covariance Matrix (Qk ): A reasonable qualitative test to declare a process model suitable for
a dataset is to analyze the estimate error while setting the
process noise to zero. A process model that do not represent
the physical behaviour to any extent produces a significant
error if submitted to this test. This test is proposed in [36].
2) Steady-State (a posteriori) Error Covariance for Deflection Estimation (Pss
1,1 ): In order to obtain this descriptor, the
error covariance matrix (Equation 14) in regime is selected.
Then, the first element of this matrix is isolated. It corresponds
to the error covariance for estimating the deflection. The
steady-state value of Pk;1,1 determines the stability of the
filter. A stable filter should reduce its error covariance matrix
elements with time, converging to a minimum value in regime
[36]. From the error covariance element Pk;1,1 , one can derive
the standard deviation of the deflection estimate. We call it
algorithm standard deviation (e A ). This descriptor is the wellcited by several authors as standard or unique method to
test filter efficiency and stability [37]–[40]. This descriptor is
sometimes called covariance performance analysis.
3) Confidence Bounds: This descriptor discusses how well
the error covariance matrix describes the actual error between
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estimate and true value given by the reference. The filter
algorithm describes its accuracy through the estimate error
covariance matrix Pk . However, the filter processing can
report adequate Pk even if the estimate is diverging from the
true value [36]. To account for this, we define two standard
deviations. The first one is the algorithm standard deviation
(e A ) derived from the error covariance matrix of the estimate.
The second one comes from the error between the estimate
and the true value given by reference measuring system.
We call it experimental standard deviation (e E ). Then, for each
sample, we verify if the experimental standard deviation is
within the bounds of the algorithm standard deviation. Finally,
we compute the percentage of samples where e E ≤ e A . If this
percentage is 68% or higher, the error covariance matrix is
accurately describing the estimate errors [36]. This descriptor
is analogous to several other tests available in the literature.
For instance, some authors compare the algorithm standard
deviation for correct and incorrect implementation of process
and models [37], [39], [40]. Other authors perform a visual
comparison between the algorithm and the experimental standard deviations. This test is often referred to as a consistency
check [35], [41]. Finally, some authors use the threshold of
68%, as is the case in this paper [36].
4) Bandwidth: Our innovative descriptor, bandwidth, sets
a maximum trust in the sensor data. If the process model
is selected properly, the filter can rely on it, reducing the
bandwidth for noisy sensor data. High levels of sensor trust,
indicated by high Kalman gains, reflect weak confidence in the
process model. In this case, the process model is not a good
guess as to the physical behaviour of the system. In order to
consider a process model a good candidate for describing the
system, we define that the sum of the trust of all sensors –
sum of the Kalman gains for each sensors – should not be
greater than a certain threshold.
The bandwidth threshold is defined as follows. The Monte
Carlo optimizer stores the bandwidth descriptor value for each
of its multiple runs. For each motion, the bandwidth values are
fit into a Gaussian probability density function. The threshold
is defined to be the mean plus one standard deviation of this
distribution. For our application, the threshold for bending and
plucking motions were approximate to 0.70. It can occur that
the mean and standard deviation of the bandwidth value for
the different motions are not similar. In this case, the filter
designer should define a dedicated threshold for each motion,
defined by the value of the mean plus one standard deviation.
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to the physical behaviour of the beam and to the sensor data
is a damped sinusoidal model. This model is based on two
parameters: the undamped angular frequency (ω), the damping
ratio (d). A simpler guess would be a sinusoidal model
that depends on only one parameter: the undamped angular
frequency (ω). These parameters are determined by physical
modeling of sensor data. It seems reasonable to inquire if
simpler polynomial models disregarding physical modeling
would perform as well as the non-polynomial model described
above.
The specification of a process model for bending motions
is more complicated as there are no predictable physical
behaviour, that is, duration, frequency and magnitude of the
deflection are totally unknown. First, we selected between
polynomial and non-polynomial models. For polynomial models, we tested first- and second-order polynomial functions.
For non-polynomial models, we tested damped and undamped
sinusoidal functions.
Therefore, four process models were studied for both
motions: first- and second-order polynomial models and
damped and undamped sinusoidal models. All candidate models were declared observable after attaining the observability
rank condition [6].
All models are analyzed according to the descriptors for
each of the motions. In order to fine-tune each of the 8 possible
process model and motion pairs, we adapted the algorithm
to run in a Monte Carlo optimizer. The optimizer consists
of a uniformly distributed number of values for the tuning
constant Cmc (Equation 10) and for the initial error covariance
matrix P0 . The initial error covariance matrix represents the
confidence about the error covariance matrix in steady-state
regime. Setting P0 as a null matrix is equivalent to expecting
no errors on the estimate. Setting P0 with non-zero entries
implies that some errors are expected in the estimate. The
main diagonal of P0 determines the settling time for the error
covariance matrix Pk [36].The optimization process registers
the constants along with the resultant descriptors presented in
Section VI-C.
VII. S YSTEM I NTEGRATION
In order to clarify the description of the proposed solution,
this session discusses the data flow and the integration between
the steps of the framework. Offline tasks – those to be done
before the actual fusion – and online tasks – those performed
in real-time – are described as follows.

D. Process Model Determination
The variable we are interested in estimating is deflection
next to the free edge of the beam. So, the essential state variable is position. Considering that position is not constant along
time, an estimate of velocity is needed. Also, an acceleration
estimate might be used. Lower order filters have the advantage
of converging to the steady-state error covariance faster than
higher order filters. On the other hand, higher order filters tend
to track higher order derivates of the estimate better than lower
order filters [36].
Firstly, good candidates for process model should be
hypothesized. For plucking motions, the best guess according

A. Offline Tasks
Some preliminary tasks are needed before the system can
be put into operation. These initial tasks are: segmenting the
motions; defining the measurement functions for each sensor
and motion (regression); evaluating filters in order to select the
best process model k , process error covariance matrix Qk ,
measurement matrix Hk and tuning parameter Cmc . Fig. 10
shows the tasks and their inputs and outputs when applicable.
The tasks were introduced in Section V.
Motion segmentation aims to distinguish signals that have:
different sensor responses, different durations or frequencies,
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Fig. 10. Offline tasks: motion segmentation; DSI regression for each motion
and process model selection for each motion. The iteration denotation k was
excluded for simplicity.

different complexity levels and finally different knowledge
about the state variables with which it may be described. Prior
knowledge of the nature of the underlying signals, direct observation of the signal, signal processing techniques (including
frequency analysis, normalization, derivative calculation) and
machine learning tool for clustering are useful techniques to
carry out motion segmentation.
The regression task uses one motion at a time to define a
measurement function for each sensor through linear regression. One outcome of the regression task is the coefficients for
the polynomial measurement functions per sensor and motion.
The other outcome is the definition of the regression errors in
comparison to the deflection reference. These errors are fitted
to a Gaussian distribution and will form the measurement error
covariance matrix Rk .
The evaluation tasks begins by selecting process model
candidates. The candidates are defined by physical modelling
of the signals when possible. Process model candidates k ,
process error covariance matrix Q K , measurement matrix Hk
are fed in Monte Carlo runs. The output of the Monte Carlo
optimization are the descriptors values (Section VI-C) and
consequently the tuning parameter Cmc .
B. Classifier
There are two possible topologies to integrate the gesture
classification and the Kalman filter implementation (Fig. 11).
The first topology is based on setting a classifier immediately
after gesture acquisition. The classification output activates
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Fig. 11. Possible classifier applications: online classifier or machine learning
classifier. x̂k is the a posteriori state estimate at step k, x̂k−1 is the a posteriori
state estimate at step k − 1, Pk is the error covariance matrix at step k, Pk−1
is the error covariance matrix at step k − 1,  is the state-propagation matrix,
Qe k is the process error covariance matrix, Hk is the measurement matrix,
Rk is the measurement error covariance matrix and Cmc is the tuning constant.
SGv, IRv, HLv indicate the digitized sensor output in Volts, while SGmm,
IRmm, HALLmm indicate the sensor data in millimetres. Indices b refer to
parameters or data for bending motions, while indices p refer to parameters
or data for plucking motions.

either the Kalman filter for bending or the Kalman filter for
plucking. The classifier output also selects the measurement
functions (coefficients a,b,...,j), the measurement error covariances matrix Rk , the state-propagation matrix k , the process
error covariance matrix Qk , the measurement matrix Hk and
the tuning constant Cmc . The sensor data, the a posteriori
state estimate at step k − 1 (x̂k−1 ) and the a posteriori
error covariance matrix at step k − 1 (Pk−1 ) are sent to the
selected filter. We call this topology the online classifier. This
classifier is designed using cross-zero detection, logic and firstderivative analysis.
The second topology runs the Kalman filters for bending and plucking in parallel, without any previous gesture
classification. The output of both filters are compared to
the best sensor output per motion: strain gages for bending motion and infrared for plucking motions. In summary,
the residuals between the two filters and the two sensors
are calculated. These residuals train a layer recurrent neural
network with five hidden units. For each new dataset, the
neural network produces alternating affirmative and negative
answers. The affirmative output is the right match between
motion and filter. We call this topology the machine learning
classifier.
The online classifier is simpler and requires less processing
time. The machine learning classifier is more accurate. However, it requires learning and more processing time. In this
work, the online classifier is used due to simplicity and to meet
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Fig. 12. Online tasks: classification; selection of parameters according to
the classifier output; linear Kalman filter loop. The parameters to be selected
according to the classifier output are: coefficients for the measurement functions, the state-propagation matrix , the process error covariance matrix Qe ,
the measurement matrix H, the measurement error covariance matrix R
and the tuning constant Cmc . The iteration denotation k was excluded for
simplicity.

the time requirements for embedded real-time applications.
The integration filter-classifier for both approaches is shown
in Fig. 11.
1) Online Classifier Implementation: The online classifier
simply consists of two tests which examine the frequency content of both types of motion. While plucking presents higher
constant frequency, bending has variable lower frequency.
The first test is to count the distance between the samples that
cross zero. Exhaustive tests show that users do not bend the
beam in opposite directions passing by the rest position faster
than the plucking oscillations. The second test involves calculating the derivative of the signal by subtracting the current and
the previous sample values. This simplified derivative operates
as a high pass filter, attenuating the slow rate of change
in bending motions. For plucking motions, the derivative
output is an attenuated version of the deflection oscillations,
maintaining the same frequency content. The plucking derivative has a considerably higher magnitude than the bending
derivative.
C. Online Tasks
The online tasks are performed in real-time and consist
of data acquisition, classification and Kalman filter loop
(Fig. 12). Right after the data acquisition, the strain gage voltage output is used as input for the online classifier described
in the previous section.
The strain gages’ value in Volts is used for the following
reasons:
• as the transfer function between the strain value in Volts
and in millimetres is linear, the value in Volts can be used
for classification without requiring a CSI regression;
• the strain gage is the sensor type that presents
greater difference between bending and plucking motions
(Section III-A), concerning the measurement errors.
The classifier output will select the parameters calculated
during the offline tasks according to the motion. The coefficients a,b,...,j are used to define the measurement vector z.

Fig. 13. Effects of setting the process error covariance matrix as a null
matrix, for bending motions. Top graph displays the deflection given by the
reference measuring system, the deflection estimate given by a first-order
polynomial filter and by a damped sinusoidal filter (which does not estimate
any deflection). The bottom graph compares the algorithm standard deviation
for both model settings.

The remaining parameters are used in the filter algorithm. The
state estimate vector and the error covariance matrix are fed
into the system at every new innovation.
VIII. R ESULTS
This session presents the descriptor values for each process
model and motion pair, culminating in the selection of the
best process model for both motions: bending and plucking.
Some descriptors are used to disqualify non-efficient or incoherent simulation runs. Other descriptors are used to find the
best tuning parameter for each process model and motion
pair.
Next, we display the improvement on the instrumentation
design using segmented gestures multiple-model sensor fusion
as opposed to a single-sensor and single-model instrumentation approaches.
A. Process Model Selection
Firstly, we examine the qualitative descriptor where the
process error covariance matrix is set to a null matrix.
Fig. 13 and Fig. 14 show examples of process model comparison for bending and plucking motions, setting the process
error covariance to zero.
Clearly, polynomial models are the better for bending
motions, while non-polynomial models are better for plucking
motions. For instance, Fig. 13 shows that the damped sinusoidal model does not estimate any deflection for bending.
For plucking motions, as shown in Fig. 14, it is clear that
the damped sinusoidal model is the most suitable process
model for the motion, presenting small deflection estimate
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TABLE II
C OMPARISON B ETWEEN C ANDIDATE P ROCESS M ODELS FOR P LUCKING
M OTIONS . B OLD F ONT R EPRESENTS THE B EST R ESULTS

Fig. 14. Effects of setting the process error covariance matrix as a null
matrix, for plucking motions. Top graph displays the deflection given by
the reference measuring system, the deflection estimate given by a firstorder polynomial filter and by a damped sinusoidal filter. The bottom graph
compares the algorithm standard deviation for both model settings.

TABLE I
C OMPARISON B ETWEEN C ANDIDATE P ROCESS M ODELS FOR B ENDING
M OTIONS . B OLD F ONT R EPRESENTS THE B EST R ESULTS

error (bottom graph), while the first-order polynomial model
is not capable of tracking the deflection variation.
Additionally, we impose a minimum value of 68% for the
confidence bounds descriptor, as mentioned in Session VIC. It means that only optimizer trials that accomplish this
target are going to be evaluated. Lastly, we analyze the steadystate error covariance for deflection estimate (Pss
1,1 ) and the
bandwidth.
1) Bending Motions: A comparison between process
models for bending motions reports no significant difference
between first- and second-order polynomial filters. As lower
order filters are faster and as we are interested in position
estimate and not in its derivatives, we selected the first-order
filter. Two types of first-order filter were evaluated: one where
only velocity is considered noisy (denoted by noisy vel.)
and other where velocity and deflection are considered noisy
(denoted by noisy vel. pos.). Refer to Table I for descriptors
results in bending motions.
One might think that the non-polynomial filters are comparable to the polynomial ones since their error covariance

for deflection estimation Pss
1,1 is similar. However, the nonpolynomial filters make significantly use of the sensor data,
that is, have a higher bandwidth (italicized in Table I), which
reflects a low trust in the process model selected.
2) Plucking Motions: A comparison between process
models for plucking motions (Table II), it reveal a significant difference on performance between polynomial and nonpolynomial filters. The non-polynomial filters present the best
performance not only concerning the steady-state covariance
for deflection estimation but also the bandwidth.
Two choices of process error covariance matrix Qk (Equation 10) for sinusoidal filters were tested. The first one is
based on the actual state-propagation matrix  for sinusoidal
model. The alternative simplified Qk is based on a firstorder polynomial state-propagation equation. There were no
significant advantages on using the simplified Qk concerning
any of the descriptors, except by its faster processing. Finally,
the best option is the damped sinusoidal filter, matching the
physical modeling of the signals.
It is remarkable the bandwidth reduction obtained due to a
better description of the process model. It can be seen that the
bandwidth value of 0.69 was obtained for the bending filter,
whereas a bandwidth of 0.19 was obtained for the plucking
filter. This strengthens the idea that the correct knowledge of
the process model is essential. This work proposes that, in the
case of partial knowledge of the process model, motion segmentation and multiple-models filter should be implemented in
order to reduce the bandwidth for noise whenever the process
model is known accurately.

B. Selected Process Model and Motion Pairs
Given the results presented in Tables I and II, we introduce
the state-propagation matrices that best describe the system
behaviour while in the bending or plucking regimes.
For bending motions, the best model is the first-order polynomial model. Its space-state representation (b ) is presented
in Equation 17:


1 ts
b =
(17)
0 1
where ts is the sampling time.
For plucking motions, the best model is the damped sinusoidal model described by its space-state representation (from
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TABLE III
F ILTER P ERFORMANCE IN C OMPARISON TO THE B EST S ENSOR FOR E ACH
M OTION . B OLD F ONT R EPRESENTS THE B EST R ESULTS

model and the motion being performed. Therefore, it is possible to conclude that the use of multiple-model filter improves
not only the error covariance for deflection but the bandwidth.
IX. C ONCLUSION

TABLE IV
F ILTER P ERFORMANCE IN C OMPARISON TO THE S INGLE -M ODEL
A PPROACH . B OLD F ONT R EPRESENTS THE B EST R ESULTS . Italicized
VALUES R EPRESENT THE BANDWIDTH FOR E ACH C ONDITION

Equation 18 to Equation 22):
11 = ed w ts (−d w si n(b ts ) + b cos(b ts ))
p

p
12
p
21
p
22

=e

d w ts

si n(b ts )

2 d w ts

= −w e

si n(b ts )

d w ts

=e
(d w si n(b ts ) + b cos(b ts ))
 p
p 
1
11 12
p =
p
p
b 21 22

(18)
(19)
(20)
(21)
(22)

where w is the undamped angular frequency, d is the damping
ratio and
√ b is the underdamped angular frequency given by
b = w 1 − d 2.
C. Sensor Fusion Contribution
In order to make clear the advantages of using fusion
techniques in the present problem, we compared the filter
output for each motion with the use of individual sensors,
in terms of the error covariance for deflection. Table III
compares the best filter and the best sensor for each motion.
The contribution of fusing data from different sensors varies
according to the motion regime. For both motions, the error
covariances are better than any of the sensors individually.
The improvement factor for bending motions is 2.2 and for
plucking motions is 12.7.
Note that the lowest measurement error covariance for
plucking motions (61. 10−3 mm2 ) is almost five times worse
than the lowest measurement error covariance for bending.
Lastly, the most predictive physical behaviour is the one in
which the sensors performance is the worst. Consequently,
The Rulers is a good testbed to demonstrate that the proposed
framework is satisfactory.
Additionally, it is worth to compare the proposed filter to
a single-model filter approach. In case of forcing a singlemodel, the most advantageous model would be the one that
reflects, at least partially, the physical behaviour of the system:
damped sinusoidal function. The comparison is shown in
Table IV. Even if the error covariance ranges are not significantly different, the bandwidth for the noisy sensor data is
high, reflecting a disagreement between the selected process

We have presented a sensor fusion technique based on
a multiple-model linear Kalman filter for deflection estimation using strain gages, infrared and Hall effect sensors.
The system of clamped beams has two distinguishable physical
behaviours: a free damping motion (called plucking) and
a driven motion controlled by the user (called bending).
The problem lies in the unpredictability of bending motions,
which make impossible the physical modeling of this motion.
Our solution derives from segmenting the motions according
to the knowledge of their physical model, that is, according
to their eligibility for physical modeling. Then, a classifier
defines the gesture being performed and activates the correct
measurement and process model parameters accordingly. This
approach makes possible the design of a more predictive
filter whenever the process model is known, i.e. free motions;
while reducing the filter efficiency when the process model is
impossible to be determined, i.e. user-driven motions.
The problem of selecting a process model for unknown
signals is solved by defining a set of descriptors that evaluate
candidate process models. Forcing threshold values for some
of the descriptors exclude trials with low efficiency and/or high
risk of divergence. The remaining descriptors are used to select
the model parameters. Therefore, this framework facilitates the
process model selection for unknown signals and evaluates the
robustness of the filter design, inherently at high-risk due to
the limited knowledge of the process model.
Through experiments, it was shown that the suggested
framework results in improved error estimate covariance for
deflection compared to the measurement error covariance of
any of the sensors individually. The application of fusion filters
in the present case is appropriate, since the worst measurement
errors happen for plucking gestures, whose process model is
known.
We recommend the application of the framework in cases
where one or more of the conditions apply:
• there are signals which process model determination is
unclear;
• the system has more than one operation mode and there
is no clear transition between the modes;
• measurement functions and errors differ considerably
between the operation modes;
• a better error covariance for the known signals estimate is
desired, without compromising the estimate of unknown
signals;
• a better error covariance for the unknown signals estimate
is desired.
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